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On derived equivalences for selfinjective algebras
Hiroki Abe and Mitsuo Hoshino
Abstract
We show that if A is a representation-finite selfinjective artin algebra
then every P • ∈ Kb(PA) with HomK(Mod-A)(P •, P •[i]) = 0 for i 6= 0
and add(P •) = add(νP •) is a direct summand of a tilting complex,
and that if A, B are derived equivalent representation-finite selfinjective
artin algebras then there exists a sequence of selfinjective artin algebras
A = B0, B1, · · · , Bm = B such that, for any 0 ≤ i < m, Bi+1 is the
endomorphism algebra of a tilting complex for Bi of length ≤ 1.
Let A be an artin algebra. Rickard [16, Proposition 9.3] showed that for any tilt-
ing complex P • ∈ Kb(PA) the number of nonisomorphic indecomposabele direct
summands of P • coincides with the rank ofK0(A), the Grothendieck group of A,
which generalizes earlier results [6, Proposition 3.2] and [15, Theorem 1.19]. He
raised a question whether a complex P • ∈ Kb(PA) with HomK(Mod-A)(P •, P •[i])
= 0 for i 6= 0 is a tilting complex or not if the number of nonisomorphic in-
decomposable direct summands of P • coincides with the rank of K0(A) (see
also [15]). In case P • is a projective resolution of a module T ∈ mod-A with
proj dim TA ≤ 1, Bongartz [4, Lemma of 2.1] has settled the question affirma-
tively. More precisely, he showed that every T ∈ mod-A with proj dim TA ≤ 1
and Ext1A(T, T ) = 0 is a direct summand of a classical tilting module, i.e., a
tilting module of projective dimension ≤ 1. Unfortunetely, this is not true in
general (see [16, Section 8]). Our first aim of this note is to show that if A is
a representation-finite selfinjective artin algebra then every P • ∈ Kb(PA) with
HomK(Mod-A)(P •, P •[i]) = 0 for i 6= 0 and add(P •) = add(νP •), where ν is the
Nakayama functor, is a direct summand of a tilting complex (Theorem 3.6).
Rickard [17, Theorem 4.2] showed that the Brauer tree algebras over a field
with the same numerical invariants are derived equivalent to each other. Sub-
sequently, Okuyama pointed out that for any Brauer tree algebras A, B with
the same numerical invariants there exists a sequence of Brauer tree algebras
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A = B0, B1, · · · , Bm = B such that, for any 0 ≤ i < m, Bi+1 is the endomor-
phism algebra of a tilting complex for Bi of length ≤ 1. These facts can be
formulated as follows. For any tilting complex P • ∈ Kb(PA) associated with
a certain sequence of idempotents in a ring A, there exists a sequence of rings
A = B0, B1, · · · , Bm = EndK(Mod-A)(P •) such that, for any 0 ≤ i < m, Bi+1 is
the endomorphism ring of a tilting complex for Bi of length ≤ 1 determined by
an idempotent (see [11, Proposition 3.2]). We refer to [7], [14] for other exam-
ples of derived equivalences which are iterations of derived equivalences induced
by tilting complexes of length ≤ 1. Our second aim of this note is to show that
for any derived equivalent representation-finite selfinjective artin algebras A, B
there exists a sequence of selfinjective artin algebras A = B0, B1, · · · , Bm = B
such that, for any 0 ≤ i < m, Bi+1 is the endomorphism algebra of a tilting
complex for Bi of length ≤ 1 (Theorem 3.7).
For a ring A, we denote by Mod-A the category of right A-modules. We
denote by Aop the opposite ring of A and consider left A-modules as right Aop-
modules. Sometimes, we use the notation XA (resp., AX) to stress that the
module X considered is a right (resp., left) A-module. For an object X in an
additive category B, we denote by add(X) the full subcategory of B whose ob-
jects are direct summands of finite direct sums of copies of X and by X(n) the
direct sum of n copies of X. For a cochain complex X• over an abelian category
A, we denote by Zn(X•), Z′n(X•) and Hn(X•) the n-th cycle, the n-th cocycle
and the n-th cohomology of X•, respectively. For an additive category B, we
denote by K(B) (resp., K+(B), K−(B), Kb(B)) the homotopy category of com-
plexes (resp., bounded below complexes, bounded above complexes, bounded
complexes) over B. As usual, we consider objects of B as complexes over B con-
centrated in degree zero. For an abelian category A, we denote by D(A) (resp.,
D+(A), D−(A), Db(A)) the derived category of complexes (resp., bounded be-
low complexes, bounded above complexes, bounded complexes) over A. We
always consider K∗(B) (resp., D∗(A)) as a full triangulated subcategory of K(B)
(resp., D(A)), where ∗ = +, − or b. We denote by Hom•(−,−) the associated
single complex of the double hom complex.
We refer to [3], [8], [19] for basic results in the theory of derived categories
and to [16], [18] for definitions and basic properties of derived equivalences and
tilting complexes.
1 Preliminaries
Throughout this note, R is a commutative artinian ring with the Jacobson
radical m and A is an artin R-algebra, i.e., A is a ring endowed with a ring
homomorphism R → A whose image is contained in the center of A and is
finitely generated as an R-module.
For any artin R-algebra A, we denote by mod-A the full subcategory of
Mod-A consisting of finitely generated modules and by PA (resp., IA) the full
subcategory of mod-A consisting of projective (resp., injective) modules. Also,
we set D = HomR(−, E(R/m)), where E(R/m) is an injective envelope of R/m
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in Mod-R, and ν = D ◦HomA(−, A), which is called the Nakayama functor.
Remark 1.1. The Krull-Schmidt theorem holds in mod-A, i.e., for any nonzero
module X ∈ mod-A the following hold.
(1) X decomposes into a direct sum of indecomposable submodules.
(2) X is indecomposable if and only if EndA(X) is local.
Remark 1.2. The following hold.
(1) X ∼→ D2X,x 7→ (h 7→ h(x)), for all X ∈ mod-R.
(2) D : mod-A→ mod-Aop is an anti-equivalence and induces anti-equivalences
PA ∼→ IAop and IA ∼→ PAop .
(3) ν : mod-A→ mod-A induces an equivalence PA ∼→ IA.
Lemma 1.3. For any P • ∈ Kb(PA) the following are equivalent.
(1) P • ∈ add(νP •).
(2) νP • ∈ add(P •).
(3) add(P •) = add(νP •).
Proof. Note that every idempotent splits in K(Mod-A) (see [3, Proposition 3.2]).
Thus, since we have an isomorphism of artin R-algebras
EndK(Mod-A)(P •) ' EndK(Mod-A)(νP •),
it follows that P • and νP • have the same number of nonisomorphic indecom-
posable direct summands.
Recall that A is said to be selfinjective if the equivalent conditions of Lemma
1.3 are satisfied for P • = A.
Remark 1.4. If A is selfinjective, then ν : mod-A → mod-A is an equivalence
and induces an equivalence PA ∼→ PA.
Lemma 1.5 ([10, Lemma 3.1]). For any P • ∈ Kb(PA) and X• ∈ K(Mod-A)
we have a bifunctorial isomorphism
HomK(Mod-A)(X•, νP •) ' DHomK(Mod-A)(P •, X•).
Definition 1.6. For any P • ∈ Kb(PA) we denote by C(P •) the full subcategory
of D−(Mod-A) consisting of complexes X• with HomD(Mod-A)(P •, X•[i]) = 0 for
i 6= 0.
Lemma 1.7. Assume A is selfinjective. Then for any tilting complex P • ∈
Kb(PA) the following are equivalent.
(1) EndK(Mod-A)(P •) is selfinjective.
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(2) P • ∈ C(νP •).
(3) add(P •) = add(νP •).
Proof. Set B = EndK(Mod-A)(P •). Note that by Lemma 1.5 νP • ∈ C(P •) and
HomK(Mod-A)(P •, νP •) ' D(BB).
(1) ⇔ (3). Note first that we have an equivalence (see [16, Section 4])
HomD(Mod-A)(P •,−) : C(P •) ∼→ Mod-B.
We may consider add(P •) and add(νP •) as full subcategories of C(P •) via
the canonical functor Kb(PA) → D−(Mod-A). Then add(P •) and add(νP •)
are closed under direct summands because every idempotent splits in Kb(PA)
(see [3, Proposition 3.4]). Thus the equivalence above induces equivalences
add(P •) ∼→ PB and add(νP •) ∼→ IB .
(2) ⇒ (3). We have HomK(Mod-A)(P • ⊕ νP •, (P • ⊕ νP •)[i]) = 0 for i 6= 0
and hence by [11, Lemma 1.8] add(P •) = add(νP •).
(3) ⇒ (2). Obvious.
In case A, B are finite dimentional selfinjective algebras over a field and
F : Kb(PA) ∼→ Kb(PB) is an equivalence of triangulated categories, it was
pointed out in [1, Section 2] that for any P • ∈ Kb(PA) there exists an object-
wise isomorphism F (νP •) ' νF (P •). We need to extend this fact to the case
of artin algebras.
Lemma 1.8. Let A, B be derived equivalent selfinjective artin R-algebras and
F : Kb(PA) ∼→ Kb(PB) an equivalence of triangulated categories. Then for any
P • ∈ Kb(PA) we have a functorial isomorphism νF (P •) ' F (νP •).
Proof. Let G : Kb(PB) ∼→ Kb(PA) be a quasi-inverse of F . Then for any P • ∈
Kb(PA) and Q• ∈ Kb(PB), by Lemma 1.5 we have bifunctorial isomorphisms
HomK(Mod-B)(Q•, νF (P •)) ' DHomK(Mod-B)(F (P •), Q•)
' DHomK(Mod-A)(P •, G(Q•))
' HomK(Mod-A)(G(Q•), νP •)
' HomK(Mod-B)(Q•, F (νP •)).
The assertion follows by Yoneda lemma.
Definition 1.9. For any nonzero P • ∈ K−(PA) we set
a(P •) = max{i ∈ Z | Hi(P •) 6= 0},
and for any nonzero P • ∈ K+(PA) we set
b(P •) = min{i ∈ Z | HomK(Mod-A)(P •[i], A) 6= 0}.
Then for any nonzero P • ∈ Kb(PA) we set l(P •) = a(P •)−b(P •) and call it the
length of P •. For the sake of convenience, we set l(P •) = 0 for P • ∈ Kb(PA)
with P • ' 0.
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Remark 1.10 ([6]). For any complex X• and n ∈ Z we define truncations
σ≤n(X•) : · · · → Xn−2 → Xn−1 → Zn(X•)→ 0→ · · · ,
σ′≥n(X
•) : · · · → 0→ Z′n(X•)→ Xn+1 → Xn+2 → · · · .
Then P • ' σ≤a(P •) for any nonzero P • ∈ K−(PA), where a = a(P •), and
P • ' σ′≥b(P •) for any nonzero P • ∈ K+(PA), where b = b(P •).
2 Torsion theories
We need to recall several definitions and basic results on torsion theories.
Definition 2.1 ([3]). A pair (T ,F) of full subcategories T , F in an abelian
category A is said to be a torsion theory for A if the following conditions are
satisfied:
(1) T ∩ F = {0};
(2) T is closed under factor objects;
(3) F is closed under subobjects; and
(4) for any X ∈ A there exists an exact sequence 0 → X ′ → X → X ′′ → 0
with X ′ ∈ T and X ′′ ∈ F .
Definition 2.2. Let A be an abelian category and C a full subcategory of A.
Then we denote by ⊥C (resp., C⊥) the full subcategory of A consisting of objects
X with HomA(X, C) = 0 (resp., HomA(C, X) = 0). For an object Y ∈ A, we
use the notation ⊥Y (resp., Y ⊥) instead of ⊥add(Y ) (resp., add(Y )⊥).
Remark 2.3. Let (T ,F) be a torsion theory for an abelian category A. Then
the following hold.
(1) F = T ⊥ and T = ⊥F .
(2) T and F are closed under extensions.
(3) There exists a subfunctor t of the identity functor 1A : A → A, called the
associated torsion radical, such that t(X) ∈ T and X/t(X) ∈ F for all
X ∈ A.
Proof. (1) By the conditions (1)–(3), F ⊂ T ⊥ and T ⊂ ⊥F . On the other hand,
by the condition (4), T ⊥ ⊂ F and ⊥F ⊂ T .
(2) Immediate by (1).
(3) For each X ∈ A, take an exact sequence
0→ X ′ ιX−−→ X piX−−→ X ′′ → 0
with X ′ ∈ T and X ′′ ∈ F . For any Z ∈ T , since HomA(Z,X ′′) = 0,
HomA(Z, ιX) is an isomorphism. It follows that X ′ is maximum in the col-
lection of subobjects of X belonging to T . We set t(X) = X ′. Next, let
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f : X → Y be a morphism. Since HomA(X ′, Y ′′) = 0, piY ◦ f ◦ ιX = 0 and
there exists a unique morphism f ′ : X ′ → Y ′ such that f ◦ ιX = ιY ◦ f ′.
We set t(f) = f ′. Then for any X ∈ A we have idX ◦ ιX = ιX ◦ idt(X)
and hence t(idX) = idt(X). Also, for any consecutive morphisms f : X → Y
and g : Y → Z, since f ◦ ιX = ιY ◦ t(f) and g ◦ ιY = ιZ ◦ t(g), we have
g ◦ f ◦ ιX = ιZ ◦ t(g) ◦ t(f) and hence t(g ◦ f) = t(g) ◦ t(f).
Although the next lemma is well-known, we include a proof because it will
play an indispensable role in the next section.
Lemma 2.4. For any Y ∈ mod-A, by setting T = ⊥Y and F = T ⊥, we have
a torsion theory (T ,F) for mod-A.
Proof. It is obvious that the conditions (1)–(3) of Definition 2.1 are satisfied. Let
X ∈ mod-A. Let {Xλ}λ∈Λ be the set of submodules of X belonging to T and set
X ′ =
⋃
λ∈ΛXλ. Note that T is closed under extensions and finite direct sums.
In particular, Λ is directed, where λ ≤ µ if and only if Xλ ⊂ Xµ, and X ′ is a
submodule of X. Thus we have an epimorphism
⊕
λ∈ΛXλ → X ′ in Mod-A and,
since HomA(
⊕
λ∈ΛXλ, Y ) '
∏
λ∈ΛHomA(Xλ, Y ) = 0, it follows that X
′ ∈ T .
Next, we claim that X/X ′ ∈ F . Let Z ∈ T and f ∈ HomA(Z,X/X ′). Take a
pull-back of f along with the canonical epimorphism X → X/X ′:
0 −−−−→ X ′ −−−−→ W −−−−→ Z −−−−→ 0∥∥∥ yg yf
0 −−−−→ X ′ −−−−→ X −−−−→ X/X ′ −−−−→ 0.
Then, since W ∈ T , Im g ⊂ X ′ and f = 0.
Definition 2.5. Let A be an abelian category and C a full subcategory of A
closed under extensions. Then an object X ∈ C is said to be Ext-projective
(resp., Ext-injective) if Ext1A(X, C) = 0 (resp., Ext1A(C, X) = 0).
Lemma 2.6. Let (T ,F) be a torsion theory for mod-A. Then a module X ∈ T
is Ext-injective if and only if X = t(E) with E an injective envelope of X.
Proof. “If” part. Let E ∈ mod-A be an injective module and take an exact
sequence
0→ t(E) µ→ Y ε→ Z → 0
with Z ∈ T . We claim that µ is a split monomorphism. Denote by ι : t(E)→ E
the inclusion. By the injectivity of E, ι = φ ◦ µ for some φ : Y → E. Note
that by Remark 2.3(2) Y ∈ T . Thus φ(Y ) ⊂ t(E) and φ = ι ◦ φ′ for some
φ′ : Y → t(E). Then ι = ι ◦ φ′ ◦ µ and idt(E) = φ′ ◦ µ. It follows that t(E) is
Ext-injective.
“Only if” part. Let X ∈ T and E an injective envelope of X. We consider
X as a submodule of E. Then X ⊂ t(E) and we have an exact sequence
0→ X ι→ t(E)→ t(E)/X → 0.
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Since t(E)/X ∈ T , and since X is Ext-injective, the inclusion ι : X → t(E) has
to be a split monomorphism. On the other hand, E and hence t(E) are essential
extensions of X. It follows that X = t(E).
We refer to [2, Chapter V, Sections 1 and 2] for the following Definitions 2.7,
2.8 and Lemmas 2.9, 2.11.
Definition 2.7. Let A be an abelian category and C a full subcategory of A.
Let f : X → Y be a morphism with X,Y ∈ C. Then f is said to be right (resp.,
left) almost split in C if f is not a split epimorphism (resp., monomorphism) and
if every morphism h : Z → Y (resp., h : X → Z) with Z ∈ C factors through f
unless h is a split epimorphism (resp., monomorphism).
Definition 2.8. Let A be an abelian category and C a full subcategory of A
closed under extensions. Then a nonsplit exact sequence
0→ Z g→ Y f→ X → 0
with X,Z ∈ C is said to be an almost split sequence in C if the following
conditions are satisfied:
(1) EndA(X) and EndA(Z) are local; and
(2) f (resp., g) is right (resp., left) almost split in C.
Lemma 2.9. Let A be an abelian category and C a full subcategory of A closed
under extensions. Let
0→ Z1 → Y1 → X1 → 0, 0→ Z2 → Y2 → X2 → 0
be almost split sequences in C. Then X1 ' X2 if and only if Z1 ' Z2.
Definition 2.10. For each indecomposable module X ∈ mod-A, we take a
minimal projective resolution P •X → X and set τX = Z−1(νP •X).
Lemma 2.11. Let X ∈ mod-A be an indecomposable nonprojective module.
Then Ext1A(X, τX) 6= 0 and the following hold.
(1) As a right module over EndA(X), Ext1A(X, τX) is embedded in DEndA(X)
and hence has a simple socle.
(2) A nonsplit exact sequence
0→ τX → Y → X → 0
representing a nonzero element of the socle of Ext1A(X, τX) is an almost
split sequence in mod-A.
Lemma 2.12 ([9, Lemma 2]). Let (T ,F) be a torsion theory for mod-A and
X ∈ T an indecomposable module. Then the following hold.
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(1) X is Ext-projective if and only if τX ∈ F .
(2) Assume X is not Ext-projective and let 0 → τX → Y → X → 0 be an
almost split sequence in mod-A. Then the induced sequence
0→ t(τX)→ t(Y )→ X → 0
is an almost split sequence in T .
Definition 2.13. Assume A is selfinjective and let {e1, · · · , en} be a basic set of
orthogonal local idempotents in A. Then there exists a permutation ρ of the set
I = {1, · · · , n}, called the Nakayama permutation, such that ν(eiA) ' eρ(i)A
for all i ∈ I.
Proposition 2.14. Assume A is selfinjective and has a cyclic Nakayama per-
mutation. Then for any tilting complex P • ∈ Kb(PA) with EndK(Mod-A)(P •)
selfinjective we have l(P •) = 0.
Proof. Set l = l(P •). We may assume P i = 0 unless 0 ≤ i ≤ l. Suppose to the
contrary that l ≥ 1. Set X = Hl(P •) and Y = H0(P •). Since by Lemma 1.7
add(P •) = add(νP •), we have add(P •) = add(νkP •) for all k ≥ 0. Thus for
any k ≥ 0, since HomK(Mod-A)(P •, P •[−l]) = 0, and since νkP • ∈ add(P •), we
have
HomA(νkX,Y ) ' HomA(Hl(νkP •),H0(P •))
' HomK(Mod-A)(νkP •, P •[−l])
= 0.
By Lemma 2.4 there exists a torsion theory (T ,F) for mod-A such that T = ⊥Y
and F = T ⊥. Let {e1, · · · , en} be a basic set of orthogonal local idempotents
in A and set Si = eiA/eiJ for 1 ≤ i ≤ n, where J is the Jacobson radical of A.
Note that νSi ' Sρ(i) for all 1 ≤ i ≤ n. Let S ∈ mod-A be a simple module
which is a factor module of X. For any k ≥ 0, since νkX ∈ T , and since νkS is a
facotr module of νkX, we have νkS ∈ T . Note that S ' Si for some 1 ≤ i ≤ n.
Then νkS ' Sρk(i) for all k ≥ 0. Since ρ is cyclic, it follows that Si ∈ T for all
1 ≤ i ≤ n. Thus F does not contain any simple module and F = {0}. On the
other hand, by the construction we have 0 6= Y ∈ F , a contradiction.
3 Main results
To begin with, we modify [4, Lemma of 2.1] as follows.
Lemma 3.1. Let P • ∈ Kb(PA) be a complex with HomK(Mod-A)(P •, P •[i]) = 0
for i 6= 0 and add(P •) = add(νP •). Assume there exists a tilting complex
T • ∈ Kb(PA) such that HomK(Mod-A)(P •, T •[i]) = 0 unless −1 ≤ i ≤ 0. Form a
distinguished triangle in Kb(PA)
Q• → P •(n) f→ T • →
such that HomK(Mod-A)(P •, f) is epic. Then Q• ⊕ P • is a tilting complex.
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Proof. Note first that such a homomorphism f exists. To see this, set X• =
Hom•A(P
•, T •) ∈ Kb(mod-R). Then HomK(Mod-A)(P •, T •) ' H0(X•) ∈ mod-R,
i.e., HomK(Mod-A)(P •, T •) is finitely generated over R. It then follows that
HomK(Mod-A)(P •, T •) is finitely generated over EndK(Mod-A)(P •). Take a set of
generators f1, · · · , fn ∈ HomK(Mod-A)(P •, T •) over EndK(Mod-A)(P •) and set
f = (f1, · · · , fn) : P •(n) → T •.
It then follows by the construction that HomK(Mod-A)(P •, f) is epic.
Obviously, add(Q•⊕P •) generates Kb(PA) as a triangulated category. Note
also that by Lemma 1.5 HomK(Mod-A)(T •, P •[i]) = 0 unless 0 ≤ i ≤ 1.
Claim: The following hold.
(1) HomK(Mod-A)(P •, Q•[i]) = 0 for i 6= 0.
(2) HomK(Mod-A)(Q•, P •[i]) = 0 for i 6= 0.
(3) HomK(Mod-A)(T •, Q•[i]) = 0 for i > 1.
(4) HomK(Mod-A)(Q•, T •[i]) = 0 for i < −1.
Proof. (1), (3) and (4) follow by the construction and (2) follows by (1) and
Lemma 1.5.
Now, by (1), (3) of Claim HomK(Mod-A)(Q•, Q•[i]) = 0 for i > 0 and by (2),
(4) of Claim HomK(Mod-A)(Q•, Q•[i]) = 0 for i < 0. This finishes the proof of
Lemma 3.1
Corollary 3.2. Assume A is selfinjective. Let P • ∈ Kb(PA) be a complex with
P i = 0 unless 0 ≤ i ≤ 1. Assume HomK(Mod-A)(P •, P •[i]) = 0 for i 6= 0 and
add(P •) = add(νP •). Then there exists some Q• ∈ Kb(PA) such that Q•⊕P • is
a tilting complex. In particular, if the number of nonisomorphic indecomposable
direct summands of P • coincides with the rank of the Grothendieck group K0(A),
then P • is a tilting complex.
Proof. Applying Lemma 3.1 to T • = A, the first assertion follows. The last
assertion follows by [16, Proposition 9.3].
Recall that A is said to be representation-finite if there exist only a finite
number of nonisomorphic indecomposable modules in mod-A.
Remark 3.3 ([13] and [17]). Let A, B be derived equivalent selfinjective artin
R-algebras. Then A is representation-finite if and only if so is B.
Proof. This follows by the fact that A, B are stably equivalent (see [13, Theorem
3.8] and [17, Corollary 2.2]).
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Lemma 3.4. Assume A is selfinjective and representation-finite. Let P • ∈
Kb(PA) be a complex of length ≥ 1 with HomK(Mod-A)(P •, P •[i]) = 0 for i 6= 0
and add(P •) = add(νP •). Then there exists a tilting complex T • ∈ Kb(PA) of
length 1 such that
(1) HomK(Mod-A)(T •, P •[i]) = 0 for i ≥ l(P •),
(2) HomK(Mod-A)(P •[i], T •) = 0 for i < 0, and
(3) EndK(Mod-A)(T •) is a selfinjective artin R-algebra whose Nakayama per-
mutation coincides with that of A.
Proof. Set l = l(P •). We may assume P i = 0 unless 0 ≤ i ≤ l. Note that
add(P •) = add(νP •) implies add(H0(P •)) = add(H0(νP •)). Also, by Lemma
2.4 there exists a torsion theory (T ,F) for mod-A such that T = ⊥H0(P •) =
⊥H0(νP •) and F = T ⊥. We denote by t the associated torsion radical.
Claim 1: Hl(P •) ∈ T and H0(P •),H0(νP •) ∈ F .
Proof. By the construction H0(P •), H0(νP •) ∈ F . Also, by Lemma 1.5
HomA(Hl(P •),H0(νP •)) ' HomK(Mod-A)(P •, νP •[−l])
' DHomK(Mod-A)(P •, P •[l])
= 0
and Hl(P •) ∈ T .
Claim 2: ν : mod-A ∼→ mod-A induces T ∼→ T and F ∼→ F . In particular,
ν(t(X)) = t(νX) for all X ∈ mod-A.
Proof. We have νT = ⊥(νH0(P •)) = ⊥H0(νP •) = T and then νF = (νT )⊥ =
T ⊥ = F .
Let {e1, · · · , en} be a basic set of orthogonal local idempotents in A. Set
I = {1, · · · , n}, I1 = {i ∈ I | eiA ∈ T }, I2 = {i ∈ I | eiA ∈ F} and
I3 = I \ I1 ∪ I2. For each i ∈ I, we define a complex T •i ∈ Kb(PA) as follows.
Set T •i = eiA[−1] if i ∈ I1, and set T •i = eiA if i ∈ I2. Assume i ∈ I3. Since
eiA is indecomposable injective, t(eiA) is indecomposable. Also, by Lemma 2.6
t(eiA) is Ext-injective. To this module t(eiA), we associate an indecomposable
Ext-projective module Xi ∈ T as follows. Set Y1 = t(eiA) and for k ≥ 1 set
Yk+1 = t(τYk) unless Yk is Ext-projective. Then, according to Lemma 2.9,
Ym has to be Ext-projective for some m ≥ 1 because T contains only a finite
number of nonisomorphic indecomposable modules. We set Xi = Ym and define
T •i as the (−1)-shift of a minimal projective presentation of Xi. Now, we set
T • =
⊕
i∈I T
•
i (cf. [12, Theorem 5.8]). Also, we denote by ρ the Nakayama
permutation of A.
Claim 3: νT •i ' T •ρ(i) for all i ∈ I. In particular, νT • ' T • and EndK(Mod-A)(T •)
is a selfinjective artin R-algebra with ρ the Nakayama permutation.
10
Proof. By Claim 2 the sets Ii are ρ-stable. Thus νT •i ' T •ρ(i) for i ∈ I1 ∪ I2.
Let i ∈ I3. Then by Claim 2 ν(t(eiA)) ' t(ν(eiA)) ' t(eρ(i)A) and hence
νXi ' Xρ(i). Thus νT •i ' T •ρ(i). Now, for any i ∈ I, by Lemma 1.5
DHomK(Mod-A)(T •i , T
•) ' HomK(Mod-A)(T •, νT •i )
' HomK(Mod-A)(T •, T •ρ(i)).
Claim 4: H1(T •) ∈ T and H0(T •),H0(νT •) ∈ F .
Proof. By the construction H1(T •) ∈ T . Also, by Lemma 2.12(1) H0(νT •i ) '
τXi ∈ F for all i ∈ I3 and hence H0(νT •) ∈ F . It then follows by Claim 3 that
H0(T •) ∈ F .
Claim 5: T • is a tilting complex.
Proof. By Claim 4 HomK(Mod-A)(T •, T •[−1]) ' HomA(H1(T •),H0(T •)) = 0.
Then by Lemma 1.5 and Claim 3
HomK(Mod-A)(T •, T •[1]) ' DHomK(Mod-A)(T •, νT •[−1])
' DHomK(Mod-A)(T •, T •[−1])
= 0.
Thus by Claim 3 we can apply the last part of Corollary 3.2.
Claim 6: HomK(Mod-A)(T •, P •[i]) = 0 for i ≥ l and HomK(Mod-A)(P •[i], T •) = 0
for i < 0.
Proof. For any i > l we have a(P •[i]) < b(T •) and HomK(Mod-A)(T •, P •[i]) = 0.
Similarly, for any i < −1 we have a(T •) < b(P •[i]) and HomK(Mod-A)(P •[i], T •)
= 0. Also, by Lemma 1.5 and Claims 1, 4
HomK(Mod-A)(T •, P •[l]) ' DHomK(Mod-A)(P •, νT •[−l])
' DHomA(Hl(P •),H0(νT •))
= 0,
HomK(Mod-A)(P •[−1], T •) ' DHomK(Mod-A)(T •, νP •[−1])
' DHomA(H1(T •),H0(νP •))
= 0.
This finishes the proof of Lemma 3.4.
Remark 3.5. Consider the case where l(P •) = 1 in the above lemma. Then
HomK(Mod-A)(T • ⊕ P •, (T • ⊕ P •)[i]) = 0 for i 6= 0 and by [11, Lemma 1.8] we
have P • ∈ add(T •).
11
Theorem 3.6. Assume A is selfinjective and representation-finite. Let P • ∈
Kb(PA) be a complex with HomK(Mod-A)(P •, P •[i]) = 0 for i 6= 0 and add(P •) =
add(νP •). Then there exists some Q• ∈ Kb(PA) such that Q• ⊕ P • is a tilting
complex. In particular, if the number of nonisomorphic indecomposable direct
summands of P • coincides with the rank of the Grothendieck group K0(A), then
P • is a tilting complex.
Proof. Set l = l(P •). We may assume P i = 0 unless 0 ≤ i ≤ l. In case l ≤ 1,
this is a special case of Corollary 3.2. Assume l ≥ 2. Let T • ∈ Kb(PA) be a
tilting complex constructed in Lemma 3.4 and set B = EndK(Mod-A)(T •). There
exists an equivalence of triangulated categories F : Kb(PA) ∼→ Kb(PB) which
sends T • to B. Denote by G : Kb(PB) ∼→ Kb(PA) a quasi-inverse of F . Set
P¯ • = F (P •). Then HomK(Mod-B)(P¯ •, P¯ •[i]) ' HomK(Mod-A)(P •, P •[i]) = 0 for
i 6= 0. Also, by Lemma 1.8 νP¯ • ' F (νP •) and hence add(P¯ •) = add(νP¯ •).
Furthermore,
Hi(P¯ •) ' HomK(Mod-B)(B, P¯ •[i])
' HomK(Mod-A)(T •, P •[i])
= 0
for i ≥ l and HomK(Mod-B)(P¯ •[i], B) ' HomK(Mod-A)(P •[i], T •) = 0 for i < 0, so
that l(P¯ •) ≤ l−1. Thus by induction hypothesis there exists some Q¯• ∈ Kb(PB)
such that Q¯•⊕ P¯ • is a tilting complex. Then, by setting Q• = G(Q¯•), Q•⊕P •
is a tilting complex.
Theorem 3.7. Assume A is selfinjective and representation-finite. Then for
any selfinjective artin R-algebra B derived equivalent to A the following hold.
(1) There exists a sequence of selfinjective artin R-algebras A = B0, B1, · · · ,
Bm = B such that for any 0 ≤ i < m, Bi+1 is the endomorphism algebra
of a tilting complex for Bi of length ≤ 1.
(2) The Nakayama permutation of B coincides with that of A.
Proof. (1) Let P • ∈ Kb(PA) be a tilting complex with B ' EndK(Mod-A)(P •).
Set l = l(P •). In case l ≤ 1, we have nothing to prove. Assume l ≥ 2.
Let T • ∈ Kb(PA) be a tilting complex constructed in Lemma 3.4. Set B1 =
EndK(Mod-A)(T •) and let F : Kb(PA) → Kb(PB1) be an equivalence of trian-
gulated categories which sends T • to B1. Note that B1 is selfinjective and
representation-finite, and that P •1 = F (P
•) is a tilting complex with B '
EndK(Mod-B1)(P
•
1 ). Also, as in the proof of Theorem 3.6, we have l(P
•
1 ) ≤ l− 1.
The assertion now follows by induction.
(2) By (1) and Lemma 3.4.
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